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res idue  content  of spec t r a l  da ta  where phase da ta  i s  no t  ava i lab le  o r  

i s  n o t  a c c u r a t e .  The technique i s  appl ied t o  a sample spectrum and 

r e s u l t s  a r e  obtained t o  demonstrate the accuracy and l i m i t a t i o n s  of  

the  procedure. 

INTRODUCTION 

S inoe  t h e  , r e s p o n s e  of  a second-order system i n  aOner81 can be 

represented by a p o l e  r e s i d u e  expans ion  i n  t h e  complex f r equency  

.. 

domain, t he re  a r e  a number of appl ica t ions  f o r  techniques t h a t  can be 

used t o  e x t r a c t  these poles  and residues from frequency domain d a t a .  

Those techniques c u r r e n t l y  ava i lab le  r equ i r e  both  amplitude and phase 

da t a  11-41. In  many cases.  phase da t a  i s  d i f f i c u l t  t o  o b t a i n  w i t h  

a c c e p t a b l e  accu racy .  Moreover,  i n  some cases.  only amplitude da ta  

a r e  a v a i l a b l e  [SI. Consequent ly .  a p o l e  and r e s i d u e  e x t r a c t i o n  

technique t h a t  r equ i r e s  only amplitude da ta  is  qu i t e  usefu l .  

A technique i s  presented here  t h a t  c a n  b e  used  t o  e x t r a c t  t h e  

p o l e s  and t h e  complex absolute  value of the  res idues  from frequency 

domain da ta  where on ly  the amplitude da ta  a r e  ava i lab le .  I n  order  t o  

i l l u s t r a t e  t h e  p rocedure ,  f r equency  response  da t a  with s i x  simple 

po le s  a r e  considered. The accuracy and l i m i t a t i o n s  of the  t e c h n i q u e  
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a r e  discussed. 

ANALYSIS 

Using t h e  s t a n d a r d  p o l e  r e s i d u e  expans ion ,  second-order  system 

impulse response da ta  o f t en  can be expressed 

A m, + N(jv) 
N F ( j o )  = 

m=1 jw-sn, (1) 

where o=2nf i s  t h e  rad ian  frequency, s = u + jum i s  the  m t h  pole, 

Am i s  the  residue of the mth pole and N ( j w )  r ep resen t s  t he  n o i s e ,  i f  

any ,  i n  t h e  data'. In general ,  the poles  occur i n  complex conjugate 

double ts  . 

m m 

' I  When t h e  complex r e sponse  d a t a  F ( j u )  a r e  known, a r e c e n t l y  

developed curve- f i t t ing  algorithm can be used t o  e x t r a c t  t h e  p o l e s  

and res idues  C1-31. Of course t h e  noise con t r ibu t ion  does a f f e c t  the 

r e s u l t s  and l i m i t s  the  accuracy of the  ex t r ac t ed  p o l e s  and r e s i d u e s  

141. 

l e v e l  problem 161. 

Techniques  have been  developed t h a t  c a n  m i t i g a t e  the noise 

When o n l y  magnitude d a t a  a re  ava i l ab le  some modif icat ion is  i n  

order .  To t h a t  end consider 
a 

IF( j d  I = F( jo)P*( jo)  (2)  
a 

It i s  apparent t h a t  IF(jto) I has the poles  of F ( j o )  p l u s  the  poles  of 

F*( jw) .  By i n s p e c t i o n ,  i f  sm i s  the mth pole  of F ( j d  then -st i s  

t h e  co r re spond ing  p o l e  of F * ( j v ) .  C o n s e q u e n t l y ,  t h e  p o l e s  o f  

IF ( jo ) l  rill occur i n  quadruplets,  i.0.. sm, s* -8 -s*. Moreover, 

it can be shown v i a  a p a r t i a l  f r ac t ion  expansion t h a t  t he  res idues  of 

a 

m' m' m 

A A* -1 a 

m=l s +s* 2um a n  
- A(2)  = - IAml m ( 3 )  



where t h e  prime on t h e  summation i n d i c a t e s  t h a t  t h e  n=m t e rm i s  

omitted.  For poles  with separa t ion  

w - (9 >) un,um (4)  m n 

and wi th  comparable res idues,  ( 3 )  yie lds  

When t h e  curve f i t t i n g  routine is applied t o  (2) the  quadruplet  

po les  (sm, s:, -s -s*) a re  obtained with res idues  A:). And i f  ( 6 )  

i s  s a t i s f i e d  and comparable r e s i d u e s  occur ,  t h e n  ( 5 )  y i e l d s  the 

m' m 

complex absolu te  values  of the  residues of F ( j o ) ,  

Note from (5)  t h a t  t h e  imaginary  p a r t  o f  A ( ' ) i s  a measure o f  t h e  

a c c u r a c y  o f  ( 5 )  and consequen t ly  a measure of the  accuracy of (6) .  

Typica l ly  the  imaginary p a r t  of A:) should be a t  most only one-tenth 

the  r e a l  pa r t .  

m 

If the  residue of one of the  poles i s  very much l a r g e r  t h a n  t h e  

o t h e r  r e s i d u e s ,  t h e n  ( 6 )  c a n  n o t  be used d i r e c t l y  f o r  t h e  smaller  

res idues .  The re fo re ,  t h e s e  p o l e s  w i t h  dominant r e s i d u e s  must be 

removed b e f o r e  t h e  s m a l l e r  r e s i d u e s  c a n  be obtained. In order  t o  

remove the  m' pole quadruplet  from the input da t a ,  (2)  is modified a s  

f 01 lor. : 

Then by using (7 )  and ( 8 )  t h e  ampl i tudes  of  t h e  r e s i d u e s  i n  the  

o r i a i n a l  d a t a  can bo obtained. 



'. . 
RESULTS 

In order  t o  v e r i f y  t h e  f o r e g o i n g  f o r m u l a t i o n ,  a s imple  p o l e  

expansion i s  considered. 

3 A  
F(&) = n=l jWS + conj .  pole contr ib .  (10) 

n 

A1=A2aA3=J/2D SI = (-.05+j1)2nD S = (-.125+j5)2n 2 whe r e  

and s = (-.l+jlO)Pn. Applying the curve f i t t i n g  procedure  t o  (10) 

y i e l d s  t h e  r e s u l t s  shown i n  Table 1. Then using only amplitude da ta  

(2). the  da t a  shorn i n  Table 2 a r e  obtained. Along with t h e s e  . d a t a .  

3 

( 6 )  i s  a p p l i e d  t o  compute the  amplitudes of the  residues.  For these  

two d a t a  s e t s  i t  i s  concluded t h a t  t he  procedure proposed-to e x t r a c t  

p o l e s  and res idue  amplitudes from s p e c t r a l  amplitude da ta  does work. 

,. 
4 

However. t h e r e  i s  some reduct ion  i n  accuracy. 

Because t h e  presented technique f o r  ex t r ac t ing  pole and res idue  

information from s p e c t r a l  a m p l i t u d e  d a t a  i n c r e a s e s  t h e  number o f  

p o l e s  b y  a f a c t o r  of two. the  e f f e c t s  of l imited sample windows were 

inves t iga ted .  Three windows were used t o  cover the  sample spec t rum.  

The w i d t h s  o f  t h e  windows were s e l e c t e d  t o  i n c l u d e  a l l  o f  t h e  

s p e c t r a l  peak w i t h i n  t h e  window. R e s u l t s  comparable t o  t h o s e  i n  

T a b l e  2 were obtained. However. t h i s  is  an important r e s u l t  i n  t h a t  

i t  i s  shown t h a t  a v e r y  c o m p l e x  s p e c t r u m  c a n  b e  a n a l y z e d  b y  

c o n s i d e r i n g  i n d i v i d u a l  s p e c t r a l  peaks. Moreover. it is  poss ib le  t o  

use the  windows t o  exclude regions where the  s igna l - to -no i se  r a t i o s  

a r e  small  or even l e s s  than  one. 

The presented technique f o r  pole and residue ex t r ao t ion  has been 

a p p l i e d  t o  x-ray e m i s s i o n  s p e c t r a  f o r  q u a l i t a t i v e  and q u a n t i t a t i v e  

ana lys i s .  Exoel lent  r e s u l t s  have been obtained (71. 
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TABLE 1: R e s u l t s  from a l e a s t - s q u a r e  f i t  t o  t he  complex sample 
spectrum (10 ) .  For these  da t a ,  120 evenly spaced frequency 
samples were u s e d  with fmin= 0 .1  and fmax = 12. 

n n Sn/2n A 

1 -0.5000000 + jl .000000 -.5701399 x l0I:f + jO.5000000 
2 -.12500000 + jS.000000 ,3399810 x + jO.5000000 
3 -.10000000 + j10.00000 .3553813 x 10 + jO.5000000 

TABLE 2 :  R e s u l t s  from a l e a s t - s q u a r e  f i t  t o  t h e  s q u a r e  of  t h e  
For these  d a t a  120 e v e n l y  spaced  amplitude spectrum (10) .  

frequency samples were used with  f = 0.1 and fmax = 12.  m i n  

n Sn/2n 

1 -.05000009 + j1.000001 .3971603 - j0.04443496 0.49957 
2 -.12500000 + jS.000000 .1596142 - j0.01126768 0.50045 
3 -.10000000 + j10.00000 .1992657 + j0.004103699 0.50045 
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